PhD COMPREHENSIVE EXAM IN
PARTIAL DIFFERENTIAL EQUATIONS
August 2013

Do any 3 of the 4 problems. Show all work. FEach problem is worth ten
points.

Q1. Consider the wave equation problem
Ut — Ugy = 0 |z] < oo, t >0
u(w,O) :f(x)v Ut(w70> :g(x) ‘x’ < 0.

Let (a,b) be a fixed open interval and z; > b > a. Find the time
interval during which solution u(z,t) satisfies u(xz1,t) > 0, if

>0 ifa<xz<b,

0 otherwise.

(a) g=0and f(a:):{

>0 ifa<ax<b,

0 otherwise.

(b) f=0and g(z) = {

Q2. (a) Let Q C R*, u € L'(Q), a being a multiindex. Define the a-th
weak derivative of u. Then define the Sobolev space W*P((Q).

(b) Prove that if u has a weak derivative in €, it is unique up to
measure zero.

(c) Give an example of a function in W12(Q) that is not in W?22(Q),
where 2 = (0,1).

Q3. Consider the first-order problem xu, + yu, — (x+y)u=0,u(l,y) =1.
The solution exists on the half plane z > 0.

(a) What are the characteristic equations for this PDE?
(b) Find the solution u(x,y).

Q4. Let 2 C R™ be a bounded, open connected domain with smooth
bgundary. Let L be defined by Lu = — szzl(aijum)xj + u, where
a € L*(Q).
(a) What does it mean for L to be uniformly elliptic in Q7

(b) Let u be a solution to the problem Lu = 0 in £, u = 0 on 9.
Prove u =0 in Q.



